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1. INTRODUCTION
The study of periodic solutions to differential systems which remain in a
Ž .given set is mostly related to the positive or negative flow invariance of
this set. M. Nagumo’s classical result, already formulated in 1942, is a
typical example of a so-called weak flow invariance, when there is not
necessarily uniqueness for Cauchy problems. This theorem has been
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redeveloped and extended several times, with the use of various types of
tangent cones, which allows us to obtain the existence results for periodic
solutions by means of degree arguments. For the related references, see,
 e.g., the handbook HP .
On the other hand, the case where no invariance is assumed is still far
from obvious. Usually, the transversality behavior on the boundary of a
given domain is required in terms of so-called canonical domains, Wazew-˙
ski sets, bound sets, etc., verified by means of guiding or bounding
Ž functions, etc. see, e.g., A1, A2, AGJ, AMT, B, BK, BS, C1, C2, FZ,
.GGL, GM, GS, Kr1, Kr2, LW, M, R, Sa, Sr1Sr3, T, Z .
 In AK, Kc , we considered entirely bounded solutions in given sets,
when using simultaneously compression- and expansion-type conditions,
Žsimilar to typical Wazewaki pictures although not applying the Wazewski˙ ˙
  .topological principle, as developed and improved in W, BS, H, JK , etc. .
These results can also be used, for planar systems with uniqueness for
Cauchy problems, to guarantee periodic oscillations, on the basis of the
well-known Massera transformation theorem, which, however, is no longer
true in  n, where n 2.
Here we investigate again the problem given in the title by means of the
Wazewski-type approach combined with degree arguments. Although the˙
main result seems to be practically covered by geometric methods of R.
  Ž .Srzednicki in Sr1, Sr3 see Remark 3 here , the new ideas in the proof
make it original and still rather general. We also add an illustrating
example in the concluding part.
2. SOME PRELIMINARIES
Consider the differential system
1 x f t , x ,Ž . Ž .
  n nwhere f : 0, 1   satisfies
Ž . Ž .  i f t,  is continuous, for a.a. t 0, 1 ;
Ž . Ž . nii f , x is Lebesgue measurable, for every x ;
Ž .  Ž  .iii for every r , there exists   L 0, 1 , such that, forr
 a.a. t 0, 1 , the implication
   r  f t ,    t .Ž . Ž .r
Ž . Ž  n.holds. We are interested in Caratheodory solutions x AC 0, 1 , of´
Ž .1 , satisfying
2 x 0  x 1 ,Ž . Ž . Ž .
the values of which are located in a given set .
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DEFINITION 1. Given a bounded open set 	 n with the
Ž .boundary fr  ,
Ž . Ž . Ž .i We call a point  fr  an ingress point into  if, for every
 Ž  Ž .  t  0, 1 and every solution  of 1 in 0, 1 , the implication
 t     	 t t
  , t :  t  ncl Ž . Ž . Ž . Ž .
takes place.
Ž . Ž . Ž .ii We call a point  fr  an egress point from  if, for every
  . Ž .  t  0, 1 and every solution  of 1 in 0, 1 , the implication
 t     	 t t , t  :  t  ncl Ž . Ž . Ž . Ž .
takes place.
The set of ingress or egress points of  will be denoted by 
 or 

,
respectively.
DEFINITION 2. Given a bounded open set 	 n with the
Ž . Ž .boundary fr  , we say that the quadruple , h, , g is admissible w.r.t.
Ž .1 if the following conditions are satisfied:
Ž . Ž Ž ..i every boundary point i.e., of fr  is either an ingress or an
Ž Ž ..egress point of  w.r.t. solutions of 1 ;
Ž . n Ž .ii h is a homeomorphism of  into itself and h  ;
Ž . n niii g :   is a continuous mapping such that
Ž . Ž .   . Ž Ž . Ž ..a if h   
 and  0, 1 , then h 
 1
  g  

;
Ž . Ž . 
  . Ž Ž . Ž ..b if h   
 and  0, 1 , then h 
 1
  g  
n Ž . cl  ;
Ž . Ž .c deg g, , 0  0, where deg stands for the Brouwer degree.
 0      0  Remark 1. Denote 
1, 1  
1, 1  
1, 1  
1, 1  
1, 1
and assume that
n
1  4h   
1, 1 , s 0, . . . , n ,Ž . Ž .
n
s
s i
1 n
s
i
1      4h 
  
1, 1  
1, 1  
1, 1 ,Ž . Ž .
i1
s
1
j n
j
1
1 
     4h 
  
1, 1  
1, 1  
1, 1 .Ž . Ž .
j0
Defining g :  n n,
1g  , . . . ,   
 , . . . ,
 ,  , . . . ,  ,Ž . Ž .1 n 1 s s1 n2
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Ž .Ž . Ž .one can easily check that g satisfies conditions iii a , b and, since g is
Ž .Ž .odd, iii c .
Ž .Ž .Another possibility for satisfying iii c is that  is a so-called AR-space
Ž . Ž .in particular, a retract of a convex set and g is a self-mapping i.e., into
Ž  .cf., e.g., G .
3. MAIN THEOREM
Ž . Ž .THEOREM. Let , h, , g be an admissible quadruple w.r.t. 1 . Then
Ž . Ž .problem 1  2 admits a solution with alues located in .
Proof. We proceed in eight steps.
Ž . Ž  Ž .. Ž .   Ž i At first, define : C 0, 1 , cl   cl   0, 1 C 0, 1 ,
n. by

1  h  t , for t 0,  ,Ž .Ž .
 q ,  ,  t Ž . Ž . 
1½ h   , for t , 1 ,Ž .Ž . Ž
Ž  n.where  AC 0, 1 , ,
t
 t  h   f s, h q s d s.Ž . Ž . Ž .Ž .Ž .H
0
Ž . Ž  Ž .. Ž .   nii Furthermore, define : C 0, 1 , cl   cl   0, 1 
by
 q ,  ,   g  q ,  ,   .Ž . Ž . Ž .Ž .
Ž . Ž . Ž  Ž .. Ž .  iii At last, define   ,  : C 0, 1 , cl   cl   0, 11 2
Ž  n. nC 0, 1 ,  , by
 q ,  ,   q
  q ,  ,  ,Ž . Ž .1
 q ,  ,   
  q ,  ,   
 1
   q ,  ,  .Ž . Ž . Ž . Ž . Ž .2
Ž .   Ž  Ž .. Ž .iv Let us fix  0, 1 , qC 0, 1 , cl  , and  cl  and
denote  hq. One can then observe that
 q ,  ,   0 Ž .
  3  t  f t ,  t , for a.a. t 0,  ,Ž . Ž . Ž .Ž .
4  t    , for every t , 1 ,Ž . Ž . Ž . Ž
5 q 0   q  
 1
  g q  .Ž . Ž . Ž . Ž . Ž .Ž .
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In particular, for  1, we have
   t  f t ,  t , for a.a. t 0, 1 ,  0   1 ,Ž . Ž . Ž . Ž .Ž .
Ž . Ž .i.e., the solution of 1  2 .
Ž .To verify the solvability of  q,  , 1  0, we show that
 deg  ,  , 1 , C 0, 1 ,   , 0  0,Ž . Ž .Ž .
where deg stands for the LeraySchauder degree.
Ž .   Ž .v Now we show that, for every  0, 1 and every pair q,  
Ž Ž  . . Ž .fr C 0, 1 ,   , we have  q,  ,   0.
Ž .a At first, we prove by contradiction the implication
    0, 1 , q fr C 0, 1 ,  ,    q ,  ,   0.Ž .Ž .Ž .
  Ž Ž  ..Let there exist  0, 1 , q fr C 0, 1 , , and  such that
Ž . Ž . Ž .   q,  ,   0. Then q   fr  , for some  0, 1 , and, according to
Ž . Ž Ž ..assumption i in Definition 2, h q  is an ingress or egress point of .

Ž . Ž . Ž Ž ..For  0,  , 3 implies  such that either h q t 
n Ž . Ž . Ž Ž .. n Ž . Ž cl  , for all t 
  ,  , or h q t  cl  , for all t  , 
. , takes place, respectively. This is, however, a contradiction of the choice
Ž Ž  ..of q fr C 0, 1 ,  .
  . Ž . Ž Ž ..Let  0,  0, 1 . If  0, then 5 implies g q 0  0,
Ž .Ž . Žwhich is a contradiction of condition iii c in Definition 2 actually, it is
Ž .Ž . Ž .Ž .rather a contradiction of conditions iii a and iii b , which guarantee
Ž .Ž . .that the degree in iii c is defined .
Ž . Ž . Ž . Ž . Ž . Ž Ž ..For  0, 1 in 5 we know that q 0  q  
 1
  g q  , where
Ž . Ž . Ž Ž .. 
  Ž Ž .. n Ž .q   cl  . If h q 0  
 , then  : h q t  cl  , for
Ž . Ž Ževery t 0,  , which is a contradiction of the choice of q fr C 0,
 ..1 ,  .
Ž Ž .. Therefore, we can assume that h q 0  
 , which, however, contra-
Ž .Ž . Ž .dicts conditions iii a , b in Definition 2.
 Ž . Ž . Ž .Let  0,  1. Since 5 implies q 0  q 1 , we can pro-
ceed quite analogously to the foregoing case. So,  such that either
Ž Ž .. n Ž . Ž . Ž Ž .. n Ž .h q t  cl  , for all t 1
  , 1 , or h q t  cl  , for all
Ž .t 0,  , take place, respectively. However, this is again a contradiction of
Ž Ž  ..the choice of q fr C 0, 1 ,  .
 Ž   .Let 0, 1    0, 1 . If  0, then  can be taken,
Ž .according to 4 , to be equal to 0 as well.
Ž . Ž . Ž . Ž . Ž .Put  0, 1 . Then 4 implies that q   q  and 3 implies that
Ž Ž .. h q  is not an ingress point into . Otherwise,  such that
Ž Ž .. n Ž . Ž .h q t  cl  , for all t 
  ,  .
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Ž Ž .. Ž Ž .. Ž .If h q   h q  is an egress point from , then in view of 5 and
Ž .Ž . Ž Ž ..condition iii b in Definition 2, the initial value h q 0 does not belong
Ž . Ž Ž  ..to cl  , which is a contradiction of the choice of q fr C 0, 1 ,  .
 Ž . Ž . Ž . Ž .Let   1. Then 5 implies q 0  q 1 and 3 implies
 Ž Ž .. n Ž . Ž . such that either h q t  cl  , for all t 1
  , 1 , or
Ž Ž .. n Ž . Ž .h q t  cl  , for all t 0,  , takes place, respectively. This is,
Ž Ž  ..however, a contradiction of the choice of q fr C 0, 1 ,  .
Ž .b Now we prove again by contradiction the implication
    0, 1 , qC 0, 1 , cl  ,Ž .Ž .
 fr    q ,  ,   0.Ž . Ž .
  Ž  Ž .. Ž .Hence, let there exist  0, 1 , qC 0, 1 , cl  , and  fr  such
Ž . Ž .that  q,  ,   0. Let us employ that  q 0 .
  . Ž . Ž Ž ..Let  0, 1 . If  0, then 5 implies that g q 0  0,
Ž .Ž .which contradicts iii c in Definition 2.
Ž . Ž . Ž . Ž . ŽFor  0, 1 , we know according to 5 that  q 0  q  
 1

. Ž Ž .. Ž . Ž . Ž Ž .. 
  Ž Ž .. g q  , where q   cl  . If h q 0  
 , then  : h q t 
n Ž . Ž . cl  , for all t 0,  , which is a contradiction of the choice of
Ž  Ž .. Ž Ž .. qC 0, 1 , cl  . Therefore, we can assume that h q 0  
 , which is,
Ž .Ž . Ž .however, a contradiction of conditions iii a , b in Definition 2.

Ž . Ž . Ž .Let  1. Then 5 implies q 0  q 1 . Thus,  such
Ž Ž .. n Ž . Ž . Ž Ž .. nthat either h q t  cl  , for all t 1
  , 1 , or h q t  
Ž . Ž .cl  , for all t 0,  , takes place, respectively, which is a contradiction
Ž  Ž ..of the choice of qC 0, 1 , cl  .
Ž .vi Furthermore, we show that the image of the operator
      n n : C 0, 1 , cl   cl   0, 1 C 0, 1 ,  ,Ž . Ž .Ž . Ž .
6  q ,  ,   q ,  
 q ,  , Ž . Ž . Ž . Ž .
is relatively compact.
Ž .4Let us consider the sequence z ,  of points from the image ofn n n1
Ž .4 Ž . Ž .. Let q ,  ,  be a sequence such that q ,  
 q ,  ,  n n n n1 n n n n n
Ž .z ,  , for all positive integers n.n n
Ž .  4a At first, let us consider the sequence  of absolutelyn n1
continuous solutions of related problems, i.e., the function sequence
defined by
t   t  h   f s, h q s d s, t 0, 1 .Ž . Ž . Ž .Ž .Ž .Hn n n
0
 4We prove that  : n is relatively compact.n
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According to the well-known Ascoli lemma, it is sufficient to show that
all functions from our set are uniformly bounded and equicontinuous. For
a suitable r, it obviously holds that
t 	 t 0, 1 :  t  h   f s, h q s d sŽ . Ž . Ž .Ž .Ž .Hn n n
0
1
 h   f s, h q s d sŽ . Ž .Ž .Ž .Hn n
0
1
 K   s d s,Ž .H r
0
   Ž .4where K max  :  cl   and, due to the Caratheodory´
conditions, the Lebesgue integral on the right-hand side is finite. The
equicontinuity follows easily as well; because of a finiteness of the integral
of  , for every  there is  such that, for all n and t, pr
   from 0, 1 with t
 p   , we arrive at
t t
 t 
  p  f s, h q s d s   s d s   .Ž . Ž . Ž . Ž .Ž .Ž .H Hn n n r
p P
Ž .  4b Let n be a sequence of positive integers such thatk k1
lim    , lim   .n nk kk k
Then

1h  t , for t 0,  ,Ž .Ž .n nk kz t Ž .nk 
1h   , for t  , 1 .Ž . ŽŽ .n n nk k k
Putting

1  h  t , for t 0,  ,Ž .Ž .
z t Ž . 
1½ h   , for t , 1 ,Ž .Ž . Ž
we show that
lim z  z .nkk
 
1  Choose  . The function h  is uniformly continuous on 0, 1 ,
 
1 
1 Ž Ž .. Ž Ž .. by which there exists  such that h  t 
 h  p  ,2
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     whenever t
 p   , t 0, 1 , p 0, 1 . Let k  be such that0


1 
1  
    , sup h  t 
 h  t  ,Ž . Ž .Ž .Ž .n nk k 2 t 0, 1
for all  k k . Observe that the latter inequality is correct, because0
 4the set  : k is bounded.nk
  4If t 0, min  ,  , thennk


1 
1z t 
 z t  h  t 
 h  t    ,Ž . Ž . Ž . Ž .Ž .Ž .n nk k 2
for  k k .0
Ž  4 If t max  ,  , 1 , thennk

1 
1z t 
 z t  h   
 h  Ž . Ž . Ž .Ž .Ž .Ž .n n nk k k

1 
1 h   
 h  Ž . Ž .Ž . Ž .n n nk k k

1 
1 h   
 h  Ž .Ž .Ž .Ž .nk
 
    , for  k k .02 2
   If t  ,  , then  
 t   , and, subsequently,n nk k

1 
1z t 
 z t  h   
 h  tŽ . Ž . Ž .Ž .Ž .Ž .n n nk k k

1 
1 h   
 h  Ž . Ž .Ž . Ž .n n nk k k

1 
1 h   
 h  tŽ .Ž .Ž .Ž .nk
 
    , for  k k .02 2
   If t ,  , then 
 t   , and, subsequently,nk

1 
1z t 
 z t  h  t 
 h  Ž . Ž . Ž . Ž .Ž .Ž .n nk k

1 
1 h  t 
 h  tŽ . Ž .Ž .Ž .nk

1 
1 h  t 
 h  Ž . Ž .Ž . Ž .
 
    , for  k k .02 2
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 4Thus, we demonstrated that the set z : n is relatively compact. Itn
Ž  Ž .  4 .just remains to realize that   : n is bounded the setn n
 4 
1 
1 : n  h   
 1
  g h   : nŽ . Ž . Ž . 4Ž . Ž .Ž .n n n n n n
is relatively compact as well.
Ž .vii Here we show the continuity of the operator  defined by
Ž . Ž .4means of 6 . Let q ,  ,  be a sequence, in the domain of  , suchn n n n1
Ž . Ž .that lim q ,  ,   q,  ,  . We should prove thatn n n n
lim q ,  
 q ,  ,   q ,  
 q ,  ,  .Ž . Ž . Ž . Ž .Ž .n n n n n
n
Ž .  4a At first, let us consider the sequence  of absolutelyn n1
continuous solutions of the related problems, i.e., the function sequence
defined by
t   t  h   f s, h q s d s, t 0, 1 .Ž . Ž . Ž .Ž .Ž .Hn n n
0
 
Ž . Ž Ž Ž ...  Observe that the functions f , f t  f t, h q t , t 0, 1 , are measur-n n n
able and have the common Lebesgue integrable majorant  . Moreover,r

lim f t  f t , h q t ,Ž . Ž .Ž .Ž .n
n
 for almost all t 0, 1 . Thus, it follows, according to the Lebesgue
dominant convergence theorem, that
 lim  t   t , for every t 0, 1 ,Ž . Ž .n
n
Ž . Ž . t Ž Ž Ž ...    4whenever  t  h   H f s, h q s d s, t 0, 1 . Since  : n is0 n
Ž Ž .Ž ..see part vi a a bounded set of equicontinuous functions, our sequence
 tends to  uniformly, on a compact interval 0, 1 .
Ž .b The remaining part of the proof can be performed quite
Ž .Ž .analogously to the part vi b .
Ž .viii At last, we will show the non-triviality of the degree for the
Ž .operator  ,  , 0 .
Ž . Ž . Ž  Ž .. Ž . na At first, observe that  ,  , 0 : C 0, 1 , cl   cl  
 n and denote
  n n C 0, 1 ,      ,Ž .Ž .Ž .
 ,  , 0 .Ž . clŽ .
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Ž  .By the reduction property of the degree see, e.g., D, p. 59 , we have
deg  ,  , 0 ,  , 0  deg  ,  , 0 .Ž . Ž .Ž .
Ž .b Following step by step the proof of the uniqueness of the
Ž  .degree in a finite-dimensional space see again, e.g., D, pp. 512 , we see
Ž1.Ž 2 n.that we can assume, without any loss of generality, that C ,
Ž Ž . 2 n.C cl  , . For the same reasons, we can assume that 0 is a regular
Ž Ž ..point of  , i.e., det  x  0, for every solution x of the equation
Ž . x  0. Recall that
  ,   
  , g  , for  ,   cl  .Ž . Ž . Ž . Ž .Ž .
Ž .So, if  ,  is a solution of our equation, then
I M det   ,   det  det g  ,Ž . Ž .Ž . Ž .ž /0 g Ž . Ž .
Ž . Ž .where I is a unit matrix of the type n, n , and 0 is a zero matrix of the
Ž .Ž .same type as M. This, jointly with the assumption iii c in Definition 2,
already implies that
deg  ,  , 0  deg g ,  , 0  0,Ž . Ž .
as claimed.
4. APPLICATION AND CONCLUDING REMARKS
Ž .To describe an appropriate given set for differential system 1 , the
Liapunov-like functions method can be used. For the sake of simplicity, we
restrict our demonstration to the systems with continuous right-hand sides
only. Thus, the following approach can be based on the following simple
lemma, which we state without the proof.
Ž .LEMMA. Consider system 1 , where f is, additionally, continuous. Let 
Ž .   nbe a solution of 1 in an interal T	 0, 1 . Assume that y:   is a
Ž Ž  .. continuously differentiable function. Let y  t  0, for fixed t  T. Then
there exists  such that
Ž .i
t  inf T , grad y  t  f t ,  t  0 Ž . Ž . Ž .Ž . Ž .
	 t t
  , t : y  t  0,Ž . Ž .Ž .
Ž .ii
t  sup T , grad y  t  f t ,  t  0 Ž . Ž . Ž .Ž . Ž .
	 t t , t  : y  t  0.Ž . Ž .Ž .
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ŽNow we are ready to give a non-trivial application of the theorem see
.Remark 4 .
EXAMPLE. Consider the system
x  x ,2 i
1 2 i
x  f t , x , . . . , x ,Ž .2 i 2 i 1 2 n
Ž .   2 n 2 nwhere i 1, . . . , n, and f x , f , x , f , . . . , x , f : 0, 1  2 2 4 4 2 n 2 n
Ž . 2     4nis a continuous mapping. Denote   ,   :     1 . As-
  Ž .sume that, for all t 0, 1 ,  cl  , i 1, . . . , n, the following inequali-
ties take place:
7 f t ,  , . . . ,  , 1
  ,  , . . . ,    
 1,Ž . Ž .2 i 1 2 i
1 2 i
1 2 i1 2 n 2 i
1
 for   0, 1 ,2 i
1
8 f t ,  , . . . ,  ,  
 1,  , . . . ,    
 1,Ž . Ž .2 i 1 2 i
1 2 i
1 2 i1 2 n 2 i
1
 for   0, 1 ,2 i
1
9 f t ,  , . . . ,  ,
1
  ,  , . . . ,     1,Ž . Ž .2 i 1 2 i
1 2 i
1 2 i1 2 n 2 i
1
 for   
1, 0 ,2 i
1
10 f t ,  , . . . ,  , 1  ,  , . . . ,     1,Ž . Ž .2 i 1 2 i
1 2 i
1 2 i1 2 n 2 i
1
 for   
1, 0 .2 i
1
Ž .Then the above system admits a solution satisfying 2 , the values of which
are located in .
At first, observe that  can be obtained as the intersection
n
2 n  : y   0, for j 1, . . . , 4 ,Ž . 4 ji
i1
where, for i 1, . . . , n,
y : 2 n, y      
 1,Ž .1 i 1 i 2 i
1 2 i
y : 2 n, y    
  
 1,Ž .2 i 2 i 2 i
1 2 i
y : 2 n, y  
 
  
 1,Ž .3 i 3 i 2 i
1 2 i
y : 2 n, y  
   
 1.Ž .4 i 4 i 2 i
1 2 i
Ž .   4 Hence,  fr  if and only if there exist j  1, . . . , 4 and i 
 4 Ž . Ž . 1, . . . , n such that y   0 and y   0, for allj i ji
 4  4  j, i  1, 2, 3, 4  1, . . . n  j , i .Ž . Ž .Ž .
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Ž . Ž .  4Now observe that if  fr  and y   0, for some i 1, . . . , n ,1 i
  Ž .then   1
  ,   0, 1 , and, under the inequality 7 ,2 i 2 i
1 2 i
1
grad y   f t ,     f t ,   1
   f t ,   0,Ž . Ž . Ž . Ž . Ž .1 i 2 i 2 i 2 i
1 2 i
 for all t 0, 1 .
Ž . Ž .Analogously, applying inequalities 8  10 , we obtain, in the sequel, for all
 4i 1, . . . , n ,
 fr  , y   0 Ž . Ž .2 i
   0, 1 , grad y   f t ,   0,Ž . Ž . Ž .2 i
1 2 i
 fr  , y   0 Ž . Ž .3 i
   
1, 0 , grad y   f t ,   0,Ž . Ž . Ž .2 i
1 3 i
 fr  , y   0 Ž . Ž .4 i
   
1, 0 , grad y   f t ,   0.Ž . Ž . Ž .2 i
1 4 i
Thus, under the foregoing lemma, the sets 
, 

 can be described as
  4 
   cl  , and there exists i 1, . . . , n such thatŽ .
   y   0,   0, 1 or y   0,   
1, 0 ,Ž . Ž .2 i 2 i
1 4 i 2 i
1

  4 
   cl  , and there exists i 1, . . . , n such thatŽ .
   y   0,   0, 1 or y   0,   
1, 0 ,Ž . Ž .1 i 2 i
1 3 i 2 i
1
Ž .  
Observe that fr   
  
 .
Ž .2 nFurthermore, denote  
1, 1 . It is easy to verify that, under
homeomorphism
h: 2 n2 n ,
1h      ,
   , . . . ,    ,
   , . . . ,Ž . Ž 1 2 1 2 2 i
1 2 i 2 i
1 2 i2

   ,.2 n
1 2 n
Ž .h   holds for . Hence, we obtain the following equivalences for
Ž . cl  :

1   4  4 h 
  there exists i 1, . . . , n such that   
1, 1 ,Ž . 2 i
1

1 
  4  4 h 
  there exists i 1, . . . , n such that   
1, 1 .Ž . 2 i
Finally, define
12 n 2 ng :   , g    ,
 , . . . ,  ,
 , . . . ,  ,
Ž . Ž .1 2 2 i
1 2 i 2 n
1 2 n2
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and observe that all assumptions in Definition 2 are satisfied for our
Ž .quadruple , h, , g .
Remark 2. One can easily formulate similar examples for higher-order
systems.
Remark 3. Obviously, the transversality requirements imposed in the
Ž . Ž .theorem on the boundary fr  of  cannot be avoided here, even if cl 
is positively or negatively strongly flow invariant. Thus, the comparison
with analogous results obtained by different techniques has meaning only
when the transversality occurs.
 In B, FZ, GS, Kr1, Kr2, and Sa , given sets are intersections of cones or
convex sets and sets lying between several level surfaces of Liapunov-like
functions. Sometimes, further additional restrictions are imposed that
require the associated operators to be, e.g., convexconcave, as, for
   example, in B . On the other hand, in B multiplicity results are obtained
for differential inclusions.
 In R, Sr1Sr3 , the criteria for the existence of periodic solutions seem
to be more similar to ours than to those quoted above; in particular, those
    in Sr1 an Sr2 seem to be even more general. More precisely, in Sr1,
 Ž . Ž .Sr2 , it is still assumed that cl  and cl 
 are compact absolute
neighborhood retracts, but this is practically never an additional restric-
Ž .Ž . Ž .Ž .tion. Moreover, since conditions iii a and iii b roughly mean that the
Ž . 
1Ž 
.vector 
g  is directed outward  in the set h 
 and inward in the

1Ž . Ž set h 
 , we can apply a formula due to R. Srzednicki see Sr2, p.
.728 for calculating the degree,
n 
deg g ,  , 0  
1 deg 
g ,  , 0   cl  
  
 ,Ž . Ž . Ž . Ž . Ž .Ž .
Ž .Ž .where  stands for the Euler characteristic. Thus, condition iii c means
Ž Ž .. Ž 
. that  cl  
  
  0. This inequality appears in Sr1, Theorems 1
   Ž .Ž . Ž .and 2 as well as in Sr2, Corollary 7.4 , instead of our iii a  c .
Remark 4. In this light, it can also easily be seen that the existence of a
solution in the example immediately follows from the mentioned results in
  Ž Ž .. Ž 
. Ž .nSr1, Sr2 , because  cl  
  
  
1 .
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